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Novel critical exponent of magnetization curves near the ferromagnetic quantum 
phase transitions of Sri a A x Ru03 (A = Ca, La .5Na .5, and La) 
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We report a novel critical exponent 5 « 3/2 of magnetization curves M = H 1 ^ 6 near the 
ferromagnetic quantum phase transitions of Sri-^AzRuOa (A = Ca, Lao.sNao.5, and La), which 
the mean field theory of the Ginzburg-Landau- Wilson type fails to reproduce. The effect of dirty 
ferromagnetic spin fluctuations might be a key. 
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Rinerant ferromagnetism has been long studied in 
physics. Modern spin fluctuation theory 1 and the con- 
cept of quantum critical point 2 ' 3 have developed our un- 
derstanding the metallic magnetism. However, further 
ingredients e.g. local criticality, quantum protectorate, 
and hidden criticality are now required to understand 
actual experimental results within the present theoret- 
ical framework. 4 The itinerant ferromagnetism has still 
provided us challenging problems. 

SrRu03 is a perovskite structure with slightly or- 
thorhombic distortion and an itinerant ferromagnet with 
the Curie temperature Tc = 160 K. 5 Ca substitution for 
Sr ions decreases Tc and changes the ferromagnetic state 
into a paramagnetic one at x ~ 0.7 in Sr 1 _ a .Ca a; Ru03. 6_9 
Although a ferromagnetic-to-antiferromagnetic transi- 
tion had been thought to occur at x ~ 0.7 because of 
the sign change in the Weiss temperature of Curie- Weiss 
spin susceptibility, it turned out that CaRu03 is a nearly 
ferromagnetic metal and then the x ~ 0.7 transition is 
a ferromagnetic quantum phase transition. 8 The Ru 4+ 
(4d 4 ) i2g-band filling should be invariant with the Ca 2+ 
substitution for Sr 2+ , so that the chemical pressure may 
change the band width and then the electron correlation. 

Lan.5Nao.5 and single La ions are known to substitute 
for Sr ions and to suppress the ferromagnetism. 6 ' 10-12 
For A 2+ = La^NaJg and La 3+ substitution for Sr 2+ in 
Sri-^A^RuOs (A = Ca, Lao.5Nao.5j and La), one may 
expect charge disordering 10 and electron doping effects 
on the Ru conduction band, respectively. The critical 
concentration x c leading to Tc = K is 0.35 for the 
La substitution. 11 ' 12 The suppression of Tc is the most 
steepest for La, secondary for Lao.sNao.s and the slowest 
for Ca substitution. The electron carrier doping is the 
most effective to suppress the ferromagnetism. 

In this Letter, we report unusual magnetic field depen- 
dence of magnetization near the ferromagnetic quantum 
phase transitions of Sri-^A^RuOa (A = Ca, Lao.sNao.s, 
and La). We found a novel critical exponent S ~ 3/2 of 
magnetization curves M = H 1 / 6 , in contrast to 8 = 3 of 
the mean field theory. The linear relation of Arrott plot 
breaks down near all the quantum phase transitions for 
three types of substitution. The dynamic scaling tested 
by 23 Na NMR suggests the effect of the short mean free 



path of conduction electrons. 

Powder samples of Sri-^A^RuOs were synthesized 
by a solid state reaction method. Sri-^Ca^RuOa and 
Sri-aXa^RuOs: Nominal compositions of SrC03 (99.99 
%), Ru metal (99.99 %), CaC0 3 (99.99 %) or preheated 
La2C>3 were mixed, ground, pelletized and fired at 900 
°C in 24 hrs. The products were again ground, pelletized 
and fired at 900 °C in 24 hrs, and finally fired at 1300 °C 
in 24 hrs and then cooled down to room temperature in a 
furnace. Sri-x^an.sNao.s^RuOa: For 0< x < 0.5, nom- 
inal SrC0 3 (99.99 %), Ru0 2 (99.99 %), NaC0 3 (99.99 
%) and preheated La203 were mixed, ground, pelletized 
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Fig. 1. (a)Inverse magnetic susceptibility \~ 1 of Sri—^ A1RUO3 
(A = Ca, Lao.sNao.5, and La). Upward triangles, circles and 
downward triangles are the data for A = Ca, Lao.sNao.5, and La, 
respectively. The magnetic susceptibility \ i s defined by a mag- 
netization M divided by an applied field H = 1 kOe, M/H. The 
solid lines are the fits by an inverse Curie- Weiss law. (b)Magnctic 
phase diagram of Sri—j, A^RuOa. Concentration x dependence of 
Weiss temperature and Curie temperature Tc- 
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and fired at 750 °C in 24 hrs. The products were again 
ground, pelletized and fired at 900 °C in 24 hrs, and fi- 
nally fired at 1300 °C in 24 hrs. For x = 0.7 and 1.0, the 
final heat treatment was done at 1100 °C in 24 hrs. 10 
Powder X-ray diffraction patterns indicated that all the 
samples are in a single phase. 

Magnetization up to 5 T were measured by a SQUID 
magnetometer (Quantum Design Co. MPMS). Figure 
1 (a) shows inverse magnetic susceptibility x _1 of 
Sri_2.A2.RuO3 (A = Ca, La .5Na .5, and La) at H = 1 
kOe. The magnetic susceptibility \ is defined by a mag- 
netization M divided by an applied field H = 1 kOe, 
M/H. Solid lines are the fits by an inverse Curie- Weiss 
law. The Curie constants are nearly the same as that 
of pure SrRuC>3. The Weiss temperature changes from 
positive to negative values with the A ion substitution. 

Figure 1 (b) shows magnetic phase diagram of 
Sr1_2.A2.RuO3. The Weiss temperature 6 and Curie tem- 
perature Tq are plotted as a function of concentration x . 
The critical concentrations x c of T c = are w 0.7, 0.5 
and 0.3 for A = Ca, La .5Na .5, and La, respectively. 

Here, we briefly explain the typical magnetization pro- 
cess of a magnetic metal. 13 Classical free energy of the 
Ginzburg-Landau- Wilson type is given by, 

F{M) = —gn^HM + ^-M 2 + ^-F\M A + ... (1) 

where \s & n d F i are a spin susceptibility and a mode- 
mode coupling constant. Up to 4th order expansion, 
dF/dM = gives a thermal equilibrium state. That is 

M 2 = a + b^, (2) 

where a=-l/\ s Fi and b=g/j, B /Fi- The plot of M 2 
against H/M is shortly called Arrott plot. Since a = 
at T = T c , we obtain 

M = b-^H 1 / 3 . (3) 

In general, just at a critical point, we define 

M cx H 1/s . (4) 

The mean field theory gives the critical exponent (5 = 3. 

The left panels in Fig. 2 show magnetization curves 
(field dependence of magnetization) and the right panels 
show Arrott plots M 2 against H/M near the ferromag- 
netic quantum phase transitions of Sri-^A^RuOs with 
A = Ca (x = 0.7), Lao.sNao.s (x = 0.5), and La (x = 
0.3) from the top to the bottom panels. Obviously, the 
linearity in the Arrott plots breaks down. The Arrott 
plots show concave curves. We have observed these be- 
haviors not only at x c but also around x c in the indi- 
vidual substitution systems. As to Sri_2;Ca2:Ru03, the 
concave curved Arrott plots have already been seen up 
to high magnetic field of H = 44 T. 9 

Figure 3 shows Arrott plots M 2 against H/M of 
SrRu03 and MnSi. 14 The Arrott plots hold relatively 
well for SrRu03. That is, the critical exponent 5 near 
T c « 160 K is close to the mean field value 3. 15 The 
Arrott polts of MnSi show convex curves. 16 This is 
an another breakdown of Arrott plots different from 
Sri_2;A2;Ru03 with x c . The linear relation is seen in the 
plot of M 4 against H/M. 17 
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Fig. 2. Field dependence of magnetization M vs H (left panels) 
and Arrott plots M 2 vs H/M (right panels) near the ferromag- 
netic quantum phase transitions of Sri-^A^RuOa with A = Ca 
(x = 0.7), Lao.sNao.s (x = 0.5), and La (x = 0.3) from the top 
to the bottom panels. The Arrott plots show concave curves. 
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Fig. 3. Arrott plots M 2 vs H/M of SrRu0 3 (left panel) and MnSi 
(right panel). The magnetization curves of MnSi are shown as the 
known example of the breakdown of the linearity in Arrott plots. 
The Arrott polts of MnSi show convex curves. 

We estimated "&"= AM 2 /A(H/M) as a function of 
magnetic field H for each Arrott plot. For each substi- 
tution system, we observed a crossover from a nearly 
H -independent "6" for x = at Tc to "6"oc H for x = 
x c at low temperatures (T > 2 K > Tc). Thus, we found 
an empirical relation "6"cx H near the quantum phase 
transitions, although a and b must not depend on H in 
cq. (2). This is equivalent to M oc H 2 ^ 3 . The equation 
of M = pH 2 / 3 + q with the T- and x-dependent p and q 
was applied to the magnetization around x = x c . The q 
vanished in x — x c at low temperatures. 
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Fig. 4. Magnetization M plotted against H 2 ' 3 at T = 5 K near 
the ferromagnetic quantum phase transitions of Sri— ^AzRuOs 
with A = Ca (x = 0.7), Lao.sNao.s (x = 0.5), and La (x = 0.3). 
The straight lines are visual guides. 



In Fig. 4, the magnetizations M are plotted against 
H 2 / 3 at T = 5 K near the ferromagnetic quantum phase 
transitions of Sri-^A^RuOa with A = Ca (x = 0.7), 
Lao.sNao.s (x = 0.5), and La (x = 0.3). The linear rela- 
tions hold well. The critical exponent of magnetization 
is 5 w 3/2 for x c at lower temperatures. The finite tem- 
perature scaling relation could not apply to the x = x c 
sample because of Tq = OK. The test for a scaling rela- 
tion with respect to g = (x — x c ) jx c extrapolated toward 
T = K 19 remains to be a problem. 

MnSi and BaRuOs 20 show the critical exponent 5 ~ 
5, which can be understood by the effects of thermal 
ferromagnetic spin fluctuations on the magnetization 
curves. 17, 18 The Gaussian fluctuation effects on the mag- 
netization leads to a small 6 = 7/3 w 2.33, 19 which may 
apply to Balr0 3 . 21 The S w 1.5 of Sri_ x A x Ru03 smaller 
than the mean field value 5 — 3 could not be repro- 
duced by the higher order terms of magnetization nor 
by the Gaussian fluctuations. First order like inhomogc- 
neous quantum phase transition 22, 23 might be associated 
with the small S. Some effects on magnetization process 
via spin fluctuations might affect 5. 

In order to study the microscopic spin fluctuation spec- 
trum, we performed 23 Na (nuclear spin 7 = 3/2 and nu- 
clear gyromagnetic ratio j n /2iT = 11.262 MHz/T) NMR 
spin-echo measurements for Sri-^Lan.sNan.s^RuOs 
with x = 0.5 and 1.0 at H = 7.48414 T. 

23 Na NMR frequency spectra systematically changed 
with Lao.sNao.s substitution. Figure 5 (a) shows 23 Na 
Knight shifts against temperature (bottom axis) and 
against magnetic susceptibility defined by M/H at H 
— 5 T (top axis) for x — 0.5 and 1.0. The temperature 
dependent spin part of Knight shift K is proportional to 
the spin susceptibility Xs via a hypcrfinc coupling con- 
stant A hf , K S {T) = A hfXs (T)/N A ^ B (N A is the Avo- 
gadro number and tie is the Bohr magneton). From the 
K — x plots and the linear function fit, A^ was estimated 
to be +1.2± 0.1 kOe/iie- 

Figure 5 (b) shows temperature dependence of 23 Na 
nuclear spin-lattice relaxation rate 1/Ti for x = 0.5 
and 1.0 measured by an inversion recovery spin-echo 
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Fig. 5. (a) 23 Na Knight shifts plotted against temperature (bot- 
tom axis) and against magnetic susceptibility defined by M/H 
at H = 5 T (top axis) for Sri-j; (Lao.sNao.s^RuOs with x = 0.5 
(circles) and 1.0 (triangles). The solid line is a linear function fit 
to the K — x plot. (b)Temperature dependence of 23 Na nuclear 
spin-lattice relaxation rate 1/Ti for Sri-^ (Lao.sNao.s^RuOa 
with x = 0.5 and 1.0. The inset shows temperature dependence 
of K(a). (c)Log-log plots of 23 Na nuclear spin-lattice relaxation 
rate divided by temperature 1/TiT against Knight shift K for 
Sri_ I (Lao.5Nao.5)^Ru03 with x = 0.5 and 1.0. The solid lines 
are visual guides for K n with n = 1, 1.5 and 2 



technique. For both x = 0.5 and 1.0, 1/T X shows non- 
Korringa behavior and levels off at high temperatures. 
The critical slowing down of 1/Ti T -1 / 3 just at the 
quantum critical point 24 is not observed for x — 0.5. This 
is consistent with the absence of the critical divergence 
for the Ca substituted x ~ 0.7. 8,23 No divergence in Fig. 
5 (b), however, might be due to the magnetic field ~ 7.5 
T. 

The inset in Fig. 5 (b) shows temperature dependence 
of K(a) = S/TiTK 2 (S = 7 e fi/47rfc B 7n, the electron gy- 
romagnetic ratio 7 e and an exchange enhancement fac- 
tor a). 25 Exchange-enhancement effects deviate the Ko- 
rringa ratio from that of free electron gas by K(a). 25 
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The ferromagnetic and antiferromagnctic spin fluctua- 
tions give K{a) < 1 and > 1, respectively. The K{a) « 
1 in the inset of Fig. 5 (b) evidences that both x = 0.5 
and 1.0 systems are nearly ferromagnetic metals. 

For a nearly ferromagnetic metal, the dynamical spin 
susceptibility x"(9; w ) with dynamic critical exponent z 
and magnetic correaltion length £ is given by a scaling 
hypothesis, 

X "(q^) = ef{^e^), (5) 

where / is an appropriate function. One should note z 
— 3 and 4 in the clean and dirty limits, respectively. 2, 26 
This is because in the dirty limit, the quasi-particle life 
time and the mean free path are short and then the spin 
fluctuation spectrum is diffusive, that is the characteris- 
tic frequency T(q) oc q 2 (q 4 at T = T c ), being in contrast 
to the clean T(q) oc q (q 3 at T = Tc)- 27 For the nearly 
ferromagnetic metal in D(= 2 and 3) dimensions, the 
nuclear spin-lattice relaxation rate divided by tempera- 
ture 1/TiT is expressed by the static spin susceptibility 
Xs oc £ 2 and the Knight shift K s oc \s, 

^oce +z - D oc Kl^-^l 2 . (6) 

This is a consequence from the dynamic scaling law. For 

a 3D nearly ferromagnetic metal, we obtain 1/T\T oc K 

in the clean limit. 28 In the dirty limit, we obtain 1/TiT oc 
K i.5 for z = 4 

In a Lorentzian model, the X"(?j w ) is characterized by 
the energy width To of spin fluctuations and the spread 
Ta in the g-space. 29 The nuclear spin-lattice relaxation 
rate 1/Ti for the 3D nearly ferromagnetic metal in the 
clean limit is given by 

1 = 3frrXf * (7] 

Ti Air T A y' 1 ' 

where the reduced temperature t = T/Tq and the reduced 
magnetic susceptibility 1/y = (£<Zb) 2 (</b is the effective 
spherical radius of the Brillouin zone). The static spin 
susceptibility is expressed by Xs/Na — l/2T\y. The self- 
consistent renormalization (SCR) theory reproduces the 
Curie- Weiss behavior of 1/y as a function of t and the 
distance y to the quantum critical point. 24 At T — > 0, 
1/Tl I/TaUo is Korringa like. At high temperatures 
t > y T , t/y levels off and takes - 27. 24 ' 28 Thus, we 
obtain 

1_ ^ SlfryXf 1 
Ti 4tt T a ' 

The temperature dependences of 1/Ti in Fig. 5 (b) for A 
= Lao.sNao.5 and the previous ones for A = Ca 8 are con- 
sistent with the SCR results except the critical slowing 
down toward T = K at the quantum critical point. 

Figure 5 (c) shows log-log plots of 23 Na NMR 1/TiT 
against Knight shift K with temperature as an implicit 
parameter for x — 0.5 and 1.0. The relation between 
1/TiT and K is not a simple 1/TiT oc K. Both x = 
0.5 and 1.0 systems may be located in the intermediate 
region between good and bad metals, which might be 
associated with the small exponent 5 s=s 3/2 of magneti- 
zation curves. 



In conclusion, we found a novel small critical exponent 
5 rts 3/2 of magnetization curves M oc H 1 ^ near the fer- 
romagnetic quantum phase transitions of Sri^^A^RuOa 
(A = Ca, La . 5 Nao.5, and La). The 23 Na NMR test for 
the dynamic scaling law indicated that the dirty ferro- 
magnetic spin fluctuation spectrum might be a key. 
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